In the resource theory of thermodynamics, the decrease of the free energy based on von Neumann entropy is not a sufficient condition to determine free evolution. Rather, a whole family of generalised free energies Fα must be monotonically decreasing. We study the resilience of this result to relaxations of the framework. We use a toy collisional model, in which the deviations from the ideal situation can be described as arising from inhomogeneities of local fields or temperatures. For any small amount of perturbation, we find that there exist initial states such that both single-shot and averaged values of Fα do not decrease monotonically for all α > 0. A geometric representation accounts for the observed behavior in a graphic way.
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I. INTRODUCTION
Foundationally, thermodynamics is a theory of states and their transformations. In quantum information science, the same can be said for entanglement theory. This analogy was noticed very early, and has later resulted in the development of the broad framework of resource theories. The resource theory of thermal operations is a formalisation of the thermodynamics of systems in contact with thermal baths [1] . The basic framework having been explored in depth (see [2, 3] for reviews), recent works have been focusing on the resilience of the results when some of the assumptions are relaxed [4] [5] [6] [7] . Our work contributes to this line of research.
With two thermal baths at different temperatures, one can run an engine: therefore, the lack of resources is described by what can be achieved with a single thermal bath at temperature T . More precisely, the free states are the thermal states τ at temperature T and the free operations U are those that conserve the total energy. Both notions are defined with respect to a reference Hamiltonian, usually taken as H = H S + H R where S indicate the system and R a reservoir of auxiliary systems. Then, thermal states read τ = τ S ⊗ τ R where τ X = e −βHX /Z X , Z X = tr(e −βHX ) and β = 1/kT . Free operations U are required to satisfy [12] [H, U ] = 0 .
If the system is prepared in an arbitrary state ρ, a free evolution (i.e. one that can be achieved without further resources) is then of the form
The set of criteria under which a free evolution is possible can be seen as the analog of the second law of thermodynamics. So far, it has not been possible to reduce these criteria to a single one [2] . Brandao and coworkers [8] based the second laws of thermal operations on the monotonical decrease of a continuous family of generalised free energies F α (ρ||τ S ), α ∈ R. For states ρ = j p j |j j| diagonal in the eigenbasis of H S , the expression is
where the Rényi divergence is given by
with q j = e −βEj /Z S the eigenvalues of τ S . These laws having been established, their robustness under modifications of the framework has been the object of recent studies. Imperfections in the initial and target state can be accounted for by using a suitable family of smoothed generalized free energies [5] . If the evolution involves a catalyst, whose state is allowed to be correlated with that of the system at the end of the evolution, then only the monotonicity of F 1 survives as both a necessary and sufficient condition for the state transitions [6] .
In this paper, we explore the stability of these second laws under deviations from the exact conservation constraint (1) . We use a specific toy model of a thermalising channel, initial states that are diagonal in the eigenbasis of the Hamiltonian, and what is arguably the simplest form of the perturbation. Even in this restricted context, we find that, however small the perturbation, there exist initial states whose evolution violates all the second laws except for α = 0. The violation is not only visible in singleshot realisations, but also in the average over several such realisations.
The plan of the paper is as follows. In section II, we introduce the toy model and derive analytical results for the average over several realisations. Section III presents and discusses the results obtained for qubit (III A) and qutrit systems (III B). The physical relevance of the model is discussed in Section IV before concluding in Section V.
II. TOY MODEL OF THE DYNAMICS

A. Structure of the model
We consider a collisional model that defines a thermalising channel [10] . The system is a qudit, and the bath consists of qudits labelled by r ∈ {1, 2, ..., N } with N ≫ 1. The Hamiltonian is given by
where g 0 > 0, g = (g 1 , ..., g r ) and where s z is the operator representing the spin in the direction z. For every qudit, the eigenstates of s z for the eigenvalue
is denoted by |j with j ∈ {0, 1, ..., d − 1}. The qudits of the reservoir are prepared in the thermal state τ R = r τ r with τ r = e −βgrsz /Z r . The collisional character of the model is seen in the interaction, that is taken to be of the form U = U S,N U S,N −1 ...U S,1 . We assume that all twobody interactions U S,r are given by the partial swap with mixing angle θ: with |jj
B. Free thermal operation and perturbation
The unperturbed model is the one where g r = g 0 for all r. In this case, [H, U ] = 0, since U couples only degenerate eigenstates of H. Thus, this defines a free thermal operation. For any initial state, the dynamics (2) can be solved analytically:
In particular, the state of the system converges to the thermal state τ S in the limit N → ∞. Recently, Bäumer et al. [7] built on this model to derive an extension of the optimal protocol for work extraction [9] . In their scheme, there are additional storage qudits. Even if the unitary is imperfect and thermalisation is partial, the maximal amount of energy
can be extracted with sufficiently many steps. In order to study deviations from (1), we consider the scalar perturbation
where each δ r is a random number drawn from a Gaussian distribution G(δ) centered at δ = 0 with variance δ 2 = ∆ 2 . The physical relevance of this perturbation is discussed in section IV. The eigenstates of H remain the same as in the unperturbed case; however, as soon as δ r = 0, |j S |j ′ r and |j ′ S |j r are no longer degenerate. Then, [H, U ] = 0 as desired. Nevertheless tr(HU ρ ⊗ τ R U † ) ≈ tr(Hρ ⊗ τ R )) because the fluctuations will cancel on average.
The collisions are now described by a stochastic map which yields individual random trajectories for the system with no fixed point. There is no closed analytical formula of the dynamics for a specific realisation. However, for the ensemble-averaged states
the dynamics is
where the ensemble-averaged thermal state τ is obtained by replacing ρ r (δ) with τ (δ) = e −βg0(1+δ)sz /tr(e −βg0(1+δ)sz ) in (9) . Since τ (δ) is not a linear function of δ, τ is different from τ S , and the latter appears in the expressions of the free energies. This is going to be a key observation for the interpretation of our results.
III. RESULTS AND DISCUSSION
In what follows, we shall particularize our study to qubits, then to qutrits. We shall study D α (ρ||τ S ), omitting the energy factor k B T and the constant offset log Z S . For every step r, we shall focus on three quantities:
• The single-shot values D α (ρ r ||τ S ) for some specific realisation of the δ, obtained numerically
• The values D α (ρ r ||τ S ) for the ensembleaveraged states, obtained from (10).
• The ensemble averages D α (ρ r ||τ S ), obtained numerically.
The D α (ρ r ||τ S ) are the most likely candidates for observable quantities, whereas the other two assume that single-shot measurements of free energy are possible.
A. Qubit Systems
We start with d = 2. Before discussing the behavior of the free energies under perturbation, let us have a look at the thermal states. The reference state τ S has a ground-state occupation q 0 = (1+e −β g0 ) −1 . The ensemble-averaged thermal state τ has
1 + e −β g0(1+δ) dδ .
For β > 0, it's easy to prove that q 0 ≤ q 0 [13] : in other words, τ is more mixed that τ S . Let us now look at the dynamics (2) of a state diagonal in the eigenbasis of H S . In Fig. 1a, In order to understand this behavior, we plot D α (ρ r ||τ S ) as a function of p 0 , which is the only free parameter for states that are diagonal in the eigenbasis of H S (Fig. 1b) . From this plot, most of the previously observed features become very transparent: we have set the evolution to start with p 0 = 1 (ground state) and we know that it must end at p 0 = q 0 < q 0 .
It must therefore pass through p 0 = q 0 , where all the D α are equal to zero. Thus, for every α > 0 and for every ∆ 2 > 0 (that is, however small the perturbation), F α (ρ r ||τ S ) will decrease monotonically if and only if the initial state has p 0 ≤ q 0 . In other words, all the second laws for the F α (ρ r ||τ S ) can be violated in our model, and this is seen by taking any initial state with p 0 > q 0 [14] .
We are left to explain the fluctuations of the singleshot trajectory obtained for a configuration of the δ r chosen at random. We see in Fig. 1b that the gradient of F ∞ is very steep for p 0 < q 0 , in the vicinity of q 0 , and less steep elsewhere. Thus, the fluctuations become significant only after the state crosses τ S . For our choice of parameters, the target state τ is very close to τ S , and this is why the fluctuations do not subside. The generally low gradient of F 1 in the region of our trajectory, also shown in Fig. 1b , explains why the fluctuations would be less prominent for that free energy.
B. Qutrit Systems
We repeat a similar study for qutrits. Because with qutrits one can do all that can be done with qubits, the main conclusion will be the same: there exist initial states such that all the second laws, except for α = 0, are violated by an arbitrary small amount of perturbation. The picture however becomes richer and is worth presenting.
The behavior of the trajectories given the ground state as the initial state (Fig. 2a) is the one we are familiar with. Like for qubits, it is very clarifying to plot the trajectories and the contour lines of the F α in the parameter space. For diagonal states of qutrits, the parameter space is two-dimensional. We choose a parametric plot described in detail in Appendix A 1.
For the partial swap interaction, the time evolution of ensemble-averaged state (10) traces a straight line in the parametric plot, between the initial state and τ . Each single-shot realization corresponds to a noisy trajectory around that line. An increase of F α will be observed whenever the trajectory crosses some contour lines twice. This is the case for the trajectories plotted in Fig. 2a , as shown in the parametric plot of Fig. 2b .
Like for the case of qubits, all the second laws for α > 0 are violated if τ S lies on the line connecting the initial and the final state. However, other trajectories may be such that only some of the second laws are violated. For instance, by taking an initial state that has the same p 2 as τ , the linear trajectory follows one of the contour lines of F ∞ while violating all the second laws for finite α (solid light green line in Fig. 2b ). This example is peculiar: on a generic trajectory, the second law associated to F ∞ seems to be the easiest to violate (larger increase, larger fluctuations), while here it is the only one that is respected. It must also be kept in mind that the linear trajectories are proper to the choice (6) of U S,r : modifications of the collisional model would lead to curved trajectories in the parametric plot (Appendix A 2).
IV. PHYSICAL RELEVANCE OF THE MODEL
The collisional model that we studied is unquestionably a toy model, so it should not be overinterpreted. In particular, in a full treatment, the unitary U should derive from an interaction Hamiltonian. That being said, it can be related to commonplace physical situations, and the differences do not seem to alter the heart of the matter.
A first possible physical reading is that the qubits are spins immersed in an external magnetic field B pointing in the z direction. In this case, the coupling is given by g = γB where γ is the gyromagnetic factor. The fact that g depends on r can be attributed to spatial inhomogeneity of the field: in this case, however, the interaction should not be by contact, because if the two qudits are at the same position they should feel the same field. It could be attributed to inhomogenities in γ due to different chemical environments.
A second reading is possible: since the perturbation is scalar, it appears only in products βg 0 (1 + δ) and could therefore be attributed to β rather than to the coupling. The auxiliary qudits are thermalised, so they have been in contact with a thermal bath. Attributing the inhomogeneity to β amounts to saying that temperature in that bath is not homogeneous. In this reading, [H, U ] = 0 but the τ r are thermal states at different temperatures. Thus, all the second laws can also be violated by departing from the free resources in this way.
V. CONCLUSION
We have studied the robustness of the second laws of thermal operations under the relaxation of the framework. The study is based on a toy collisional dynamics, and the deviation from the framework is in the form of inhomogeneous scalar parameters that induces [H, U ] = 0.
We observe that all α > 0 second laws are violated for arbitrarily low perturbations. The violation is visible in single-shot trajectories, in the free energy of the ensemble-averaged state, and in the ensembleaveraged values of the free energy. A representation in parametric plots provides a compelling picture of the origin of this behavior.
While the violation is usually more prominent for F ∞ , it is also present for F 1 that is supposed to capture the "normal version" of the second law in the resource theory framework. There is nothing paradoxical in violating theorems by departing from their assumptions. Nonetheless, in the context of our model, the departure amounts to adding a small inhomogeneity in rather simple external environments: the phenomenological second law has acquitted itself quite well describing far more uncontrolled situations like wet environments (see [11] for a recent result).
These results indicate that the second laws of thermal operations cannot be used in the same way as the usual second law of thermodynamics. They add to the challenges posed by extending the resource theory of thermodynamics to imperfect reservoirs [4] . (1 + e −β g 0 ).
[14] Recall that we have assumed β > 0: if one were willing to consider negative temperatures, q 0 ≥ q0 would hold and the conditions would be reversed.
Appendix A: Further observations for qutrits (and higher dimensions)
1. The geometry of the Fα Diagonal states of qutrits are parametrised by p 0 , p 1 and p 2 = 1 − p 0 − p 1 . In order to illustrate the contour lines of the F α (the same as those of the D α ), we choose a representation in which the three eigenstates are at the cusps of an equilateral triangle: the ground state is at the bottom right corner, the intermediate state is at the top, and the highest energy state is at the bottom left corner (Fig. 3) .
The minimum is always achieved for the thermal state τ S , represented by a black dot in the figure. Any free evolution will be represented by a trajectory that crosses each contour line only once, for all values of α. The trajectories need not be straight lines, as explained in the next subsection. Throughout the paper, we have assumed all the two-body interactions U S,r are given by partial swap with mixing angle θ, which are but a subset of the larger and more general set of energy conserving operations. The most general energy preserving unitaries are those that do not cause any mixing between the energy subspaces. This is just a direct sum of the unitaries acting on each energy subspace
where U k is a unitary on the span{|jj ′ } such that j + j ′ = k and d is the dimension of the system. For instance, U 1 is just a generalized unitary on the subspace {|01 , |10 }. One can determine the number of free parameters for each U k by squaring the dimension of that energy subspace. Therefore for energy subspaces of one dimension, the only free parameter will be a phase factor; for energy subspaces of two and three dimensions, any unitary with four and nine free parameters respectively will suffice. Hence in the case of qubits, there will be a total of six free parameters (five, if we exclude a global phase), and for qutrits, there would be 18 (17) free parameters.
Under these more general unitaries, the free evolution does not need to be a straight line as defined by Eq. (7) for the partial swap (6) . For instance, with partial swaps of different mixing angles θ k between each energy subspace, one can obtain curved trajectories as in Fig. 4 . 
